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Optimal Reciprocalization of Measured Displacements

Menahem Baruch*
Technion—Israel Institute of Technology, 32000 Haifa, Israel

A technique is described by which measured displacements of a linear structure, which usually do not satisfy
the theoretical requirement of reciprocity, are forced to satisfy this condition in an optimal way. The corrected
displacements are closest to the measured ones in a Euclidean sense. Techniques for computing the corrected
displacements are presented and discussed. It is shown that the method proposed here is superior and sometimes

equivalent to the previously proposed one.
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Introduction

T is well known that the displacements of a given structure that

are determined experimentally usually do not satisfy the require-
ment of reciprocity, that is, they do not fulfill the Maxwell-Betti
reciprocal theorem (see Ref. 1). A method to satisfy this require-
ment was previously proposed.>~> However, it is found that by us-
ing the method proposed here one obtains corrected displacements
that are closer or equally close to the measured displacements in a
Euclidean sense than the ones obtained by the previously proposed
method. Measured displacements that fulfill the reciprocal theorem
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can be used to identify the stiffness matrix, the dynamic matrix, or
the damping matrix of a structure. The Maxwell-Betti reciprocal
theorem has been used also to obtain integral equations for nonde-
structive determination of buckling.®” A somewhat similar approach
to achieve optimal weighted orthogonalization of measured modes
was proposed earlier.?

The previously proposed solution?>~> of the reciprocalization of
the measured displacements was a conditional approach. This ap-
proach needed additional requirements. In 1997 Lallement’® pro-
posed to try a self-sufficient approach, an approach that does not
need additional conditions. This approach is somewhat more com-
plicated. However, as will be shown, it can be done. In any case, it
will be demonstrated that the self-sufficient approach is more ap-
propriate than the conditional one.

Problem

A linear structure must fulfill the Maxwell-Betti reciprocal the-
orem. This is true for static or dynamic environments.! = This the-
orem expressed in matrix form reads

F'Y=Y'F (1)
where F' (n x m) isthe load matrix and Y (n x m) is the displacement
matrix caused by the load matrix applied on the structure. Usually
the measured displacements T (n x m), due to different mistakes,
do not fulfill the reciprocal theorem. However for further dynamic
or static computations the reciprocal theorem must be fulfilled. The
problem is to correct the displacement matrix in an optimal way
in which the reciprocal theorem is fulfilled and the corrected dis-
placement matrix X (n x m) is as close as possible to the measured
displacement matrix. Here the closeness of two matrices will be
ascertained in a Euclidean sense.

Conditional Approach

Applying the conditional approach,>>!° the following elegant

close-form solution was obtained:
X.=T+12F(F'F)Y""(T'F — F'T) 2)

where X are the conditionally obtained displacements that fulfil the
Maxwel-Betti reciprocal theorem. It is clear that F'(n x m) must be
of rank (m). To obtain Eq. (2) the additional condition was inserted
in a concealed way.>™ To clarify the meaning of the additional
condition and to compare the conditional with the self-sufficient
approach we will apply the conditional approach in a way somewhat
different from the one applied earlier.>

The basic requirements are that the matrix F'X, has to be sym-
metric and the corrected displacement matrix X . as close as possible
to the measured displacement matrix T in a Euclidean sense. Hence,
find a matrix X, that minimizes the Euclidean norm || X. — T || and
makes the matrix F'X, symmetric:

¢ =1/21X. =Tl + A |F'X — S, T:)?

= 1/2(X('ij -

+ i (Fji X eje — Scir) 3)
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where the Einstein rule for repeated indices was applied. Here S,
is a symmetric matrix assumed known but undefined. The partial
differentiation of Eq. (3) with respect to X,;;, where the results are
equated to zero, yields equations that X;; have to satisfy when ¢,
is minimal. Hence,

Lo
aX,

=X.—T+Fi =0 (4)

Multiplication by F' yields
he=(F'F)"'(F'T —5.) (5)
X.=T+F(F'F)'(S.— F'T) (6)

In Eq. (6) S. is undefined, and this is exactly the needed additional
condition.

If T'F happened to be symmetric no correction for X . would be
needed. Hence, it is logical to look for a symmetric matrix that is
the closest to 77 F. This can be achieved by minimization of the
following Lagrange function:

¢ =1/2|S.—T'F|| +1/2n.|S - ! @)
where due to the nonsymmetrical constraint,
e =~ ®)
From Eq. (8) one obtains
?;Sf)z =S.—T'F+n=0 )
The transpose of Eq. (9) will give
Se—F'T—n.=0 (10)
Equations (9) and (10) yield
S.=1/2(T'F + F'T) 1

By substitution of Eq. (11) into Eq. (6) one obtains Eq. (2).

Self-Sufficient Approach

Load Matrix Is Kronecker Matrix

Before going to the general case we will try to solve the case
when? the load matrix is the Kronecker matrix and then

FpFg =1 (12)
The Lagrange function, to be minimized, is given as follows:
¢k = 1/21Xx =TIl +1/2Bx|Fip Xk — XicF|  (13)
here again,
Bx = —Bxk 14

By differentiation of ¢, with respect to Xx and equating the
result to zero, one obtains

Xk =T — FxBx (15)
FiXg = FLT — Bk, XxFx =T'Fx +Bx  (16)
Equations (16) yield

Sk = FgXg = X Fx = 1/2(FiTx + Tj Fx) a7

Bx = 1/2(FxT — T'Fx) (18)

By substitution of Eq. (18) one obtains
Xg =T +1/2Fc(T'Fx — FT) (19)

Some interesting observations have to be indicated: The sym-
metric matrix Sx was obtained without any additional conditions,
and when the load matrix is the Kronecker matrix, the symmetric
matrix is equal to the symmetric matrix obtained as an additional
condition, Eq. (11). Equation (19) can be obtained from Eq. (2) by
simply changing F with F. All of this looks like a justification of
Eq. (2)! Isit?

General Case

In the conditional approach an elegant solution was obtained.
However, a better, although not so elegant, solution can be obtained
by using a self-sufficient approach. In this approach the only re-
quirement of the load matrix F is that it be of rank (m).

Hence,

F'F=f (20)

where f(m xm) is a positive definite symmetric matrix. The
Lagrange function now reads

d=12|X —T|+1/28|F'X — X'F| 21)
and again, the Lagrange matrix S is a skew-symmetric matrix,
B'=-pB (22)

By equating to zero the first derivative of ¢ in respect to X, one
obtains

X=T-Fp (23)

F'X=F'T — fB, X'F=T'F +Bf (24)

Equations (24) yield
S=F'X=X'F=1/2(F'T+T'F+B8f—fB)
fB+Bf=FT-T'F=y (25)

where y is a skew-symmetric matrix. Note that the symmetric matrix
S was obtained directly from Eqgs. (24) without any assumptions and
usually is different from S, [Eq. (11)]. It is clear that no additional
conditions were applied, and hence the self-sufficient approach pro-
vides the optimal reciprocalization of the measured displacements.
‘What remains is to calculate 8.

Techniques for Calculation of 3
Techniques for calculation of 8 from the equation

fB+Bf=vy (26)

are as follows.

A closed-form solution of Eq. (26) is not available, and clearly
this complicates the self-sufficient method. We propose here two
numerical techniques for its solution.

1) Direct vectorization. In this technique the parts of Eq. (26) are
vectorized. The number of the independent elements of 8 and y is

k=m(@m—1)/2 @27

By vectorization of 8 and y one obtains
Pg=g (28)
where @ (k x k) is a symmetric matrix obtained from the elements of

the symmetric positive definite matrix f and q(k), g(k) are vectors
composed from the independent elements of B and y, respectively.
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For example, if m = 3, the number of unknowns is 3 and the vector-
ization will read

(fi1 + f22), fo3, — f13 B2 Y12
o3, (fur + f33), fi2 Bizs ¢ =1 vi3 (29)
— f13, fi2, (f2 + f33) Bos V23

If the matrix f were equal to the unit matrix [ (m x m) (see
preceding section) the matrix & would be equal to twice the unit
matrix / (k x k). Hence, due to continuity ® has to be a symmetric
positive definite matrix.

2) Minimization of the Euclidean norm of the matrix
(H = fB+ Bf —y). For the convenience of the reader we will
briefly show here the minimization process with respect to the pa-
rameters p, (¢ =1 — k) of the Euclidean norm of a general matrix
H (for more details see Ref. 11). It seems that this technique is less
cumbersome than the previous one.

The Euclidean norm Euc of the matrix H will be defined as
follows:

Euc = 1trace(H'H) (30)

Usually the matrix H is known or can be calculated for some
initial values of the parameters. Taking only the linear part of the
Maclaurin—Taylor series one obtains

oH
H(P+‘1)“H(P)+gqa=H(P)+Haqa €1V

where the Einstein rule of summing quantities with repeated indexes
was applied.
Now,

Euc = jtrace{[H (p) + H,q,1'[H () + Hpqpl}  (32)
The minimum of Euc will be found by

dEuc

= trace[H(;(H + Hﬂqﬁ)] =0 (33)

3

Hence,
Ag=r 34)

Following the continuity reasons stated in the preceding section,
the matrix A(k x k) has to be also a symmetric positive definite
matrix. The elements o,p of A are given as follows:

Cop = trace(H; Hﬂ) (35)
ry = —trace(HD’tH) (36)

The variables g, that minimize the Euclidean norm, Eq. (30), are
calculated from Eq. (34). Here the matrix H is a linear function
of the parameters B;;. In this case Eq. (31) represents the exact
Maclaurin—Taylor series and iterations are not needed. Hence,

Puo =Pa(0) +qu (37)

where p, (0) = 0 represent the initial values of the parameters.

Of course, after the calculation of 8 by one of the proposed tech-
niques, the corrected displacements X can be obtained by using
Eq. (23).

Numerical Example

To generate displacements the following positive definite sym-
metric matrix was applied:

75 3 10
5 6 4 21
V=3 4 8 4 2 (38)
1 2 4 6 4
01 2 4 9

The matrix W (5 x 5) represents here the flexibility matrix of some
structure. The load matrix F (5 x 4) was chosen quiet arbitrarily to
be

0

~y
I
S = N -
—_
—_— N = O N

1
1
0 (39)
1
2 0 1

The rank of F is of course four as required. The “measured” dis-
placements T (5 x 4) were obtained by adding to the displacements
Y = W F randomly obtained £1%—-+5% “errors.” The errors were
obtained by using the uniformly random generator of Matlab.!?> The
corrected displacements were calculated by applying the conditional
approach and the self-sufficient one. To compare the closeness of
the corrected displacements X, and X to T, the Frobenius norms'?
Ncand Ns of (X, —T) and (X — T), respectively, were calculated
for a typical case and plotted in Fig. 1. The Frobenius norm of a
matrix B is defined as follows:

Frobenius norm(B) = ,/ B} (40)

where the Einstein rule for repeated indices was applied again.

As explained earlier, the measured displacements 7 were ob-
tained by using a random generator. Hence, every calculation gave
different results. Many calculations were performed. The important
result is that, as expected, the distance Ns between X and T ob-
tained by employing the self-sufficient method proposed here was
always less than the distance Nc¢ between X, and T obtained by
employing the conditional method.

The calculations connected with Fig. 1 were repeated 100 times
and averaged. The results are given in Fig. 2.
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Fig. 1 Typical case: comparison between the conditional and the self-
sufficient methods.
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Fig. 2 Averaged results from 100 runs: comparison between the con-
ditional and the self-sufficient methods.
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Figure 2 shows clearly the advantage of the self-sufficient method
over the conditional one.

Discussion

The reciprocalized measured displacements are needed, for exam-
ple, to identify the stiffness matrix by utilizing statically measured
displacements. A closed form solution to update the stiffness matrix
can be found in Refs. 2 and 3:

K=K-XX'X)""(X'K —F)Y[I —1/2X(X'X)"'X"]

—[ =12X(X'X)"'X'1(KX — F)(X'X)~'x' 41)

Another application of the reciprocalized displacements can be
found in Ref. 5, where they are used to identify the damping matrix.

Conclusions

It was shown that the method proposed here for reciprocalization
of measured displacements is superior to the previously proposed
one.
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